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Abstract
A new q-analogue of the sum of cubes is given with a combinatorial interpretation on the lattice of subspaces.
© 2007 Elsevier B.V. All rights reserved.
Keywords: q-analogue; The lattice of subspaces
1. Introduction
It is well known that the ﬁrst n consecutive cubes can be summed in a closed form as
n∑
k=1
k3 =
(
n + 1
2
)2
. (1.1)
Garrett and Hummel recently gave a q-analogue of (1.1) in [2] while another simple q-analogue is given in [11] by
Warnaar. Shortly that, Schlosser provided q-analogues of
∑n
k=1km, for m = 1, 2, 3, 4, 5 in [8]. Based on Schlosser’s
work, Guo and Zeng [5] gave q-analogues of∑nk=1km for all m1, of which combinatorial interpretations are given
in [4] (jointly with Rubey). This paper will give another q-analogue of (1.1) and a combinatorial interpretation on the
lattice of subspaces.
Let Vn(q) be an n-dimensional vector space over the ﬁnite ﬁeld GF(q) with q elements. LetLn(q) be the lattice
of subspaces of Vn(q), and Bn the Boolean algebra which is the lattice of subsets of an n-element set. The analogue
betweenLn(q) and Bn in combinatorics has been extensively investigated. The ﬁrst systematic study on this object
was made in [3] by Goldman and Rota as[
n
k
]
q
= (1 − q
n)(1 − qn−1) · · · (1 − qn−k+1)
(1 − qk)(1 − qk−1) · · · (1 − q) ,
i.e., the Gauss binomial coefﬁcient equals the number of k-dimensional subspaces in Vn(q).
Knuth made the fundamental observation that two distinct matrices in reduced row echelon form (or rref, for short)
over GF(q) span distinct subspaces in Ln(q) [6]. In other words, counting subspaces and counting matrices in rref
are the same.And this observation yields an acceptable notation for elements ofLn(q): any k-dimensional subspaceA of
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Vn(q) has a unique ordered basis (v1, v2, . . . , vk) for which the matrix
M(A) =
⎡
⎢⎢⎣
v1
v2
...
vk
⎤
⎥⎥⎦ (1.2)
has the following properties: (a) the ﬁrst non-zero entry of each vi is 1, (b) the ﬁrst non-zero entry of vi+1 appears in
a column to the right of the ﬁrst non-zero entry of vi , and (c) in the column containing the ﬁrst non-zero entry of vi ,
all other entries are 0. Let f (A) = {a1, a2, . . . , ak} denote the subsets of [1, n] such that the ﬁrst non-zero entry of vi
appears in the ai th column. Thus, f is a rank-preserving and order-preserving map from the latticeLn(q) to the lattice
Bn. For instance, if f (A) = {1, 3, 4, 6} ∈ B7, then M(A) has the form⎡
⎢⎣
1 ∗ 0 0 ∗ 0 ∗
0 0 1 0 ∗ 0 ∗
0 0 0 1 ∗ 0 ∗
0 0 0 0 0 1 ∗
⎤
⎥⎦ ,
where *’s denote entries of GF(q). The number i of *’s in row i is n − ai − k + i. Set f (A) = S and t (S) =∑ i .
Then the total number of matrices in the form of (1.2) with S = {a1, a2, . . . , ak} speciﬁed as above is qt(S). In other
words, for any subset S of [1, n], the cardinality of the set f −1(S) = A ∈Ln(q) is qt(S)(see also [7,9, pp. 29–30])
Based on Knuth’s approach, Wang showed in [10] that Bn is isomorphic to a quotient lattice ofLn(q) deﬁned by
an automorphism group ofLn(q).
Assume that ℘ is a property on Bn and Bn[℘] is the set of elements in Bn which satisfy the property ℘. Then we
have a property ℘(q) onLn(q) such that A ∈Ln(q) satisﬁes ℘(q) if and only if f (A) satisﬁes ℘. LetLn(q)[℘] be
the set of subspaces of Vn(q) which satisfy the property ℘(q). Thus we have a pair of counting identities as
|Bn[℘]| =
∑
S∈Bn[℘]
1 (1.3)
and
|Ln(q)[℘]| =
∑
S∈Bn[℘]
qt(S). (1.4)
Clearly, (1.4) tends to (1.3) as q tends to 1. Thus, we ﬁnd a combinatorial interpretation by taking the limit q → 1 in
(1.4).
For example, let C(n + 1, k) denote the set of k-subsets of [0, n]. Then the binomial coefﬁcient
(
n+1
k
)
is known as
the cardinality of C(n + 1, k), that is(
n + 1
k
)
=
∑
S∈C(n+1,k)
1.
Thus we have that the q-binomial coefﬁcient
[
n + 1
k
]
q
= (1 − q
n+1)(1 − qn) · · · (1 − qn−k+2)
(1 − qk)(1 − qk−1) · · · (1 − q)
=
∑
S∈C(n+1,k)
qt (S)
counts the matrices in rref over GF(q), or the k-dimensional subspaces of (n + 1)-dimensional vector space, where
t (S) equals to the total number of *’s in the matrices with S ∈ C(n + 1, k).
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2. q-analogue of the sum of cubes
In this section we introduce the following polynomial generalization of (1.1) along with a proof of the following
identity on the lattice of subspaces
n∑
k=1
q4(n−k) (1 − q
k)2
(1 − q)2
(1 + q2 − 2qk+1)
(1 − q2) =
[
n + 1
2
]2
q
. (2.1)
The above q-identity is considered as a “q-analogue” because the identity (1.1) can be found by taking the limit q → 1
to the identity (2.1). It is easy to see that Eq. (2.1) can be proved by induction on n.
2.1. Combinatorial Proof of (2.1)
We shall use a combinatorial proof of (1.1) given by Benjamin and Orrison [1] as follows.
Let S denote the set of 4-tuples of integers from 0 to n whose last component is strictly larger than the others; that is
S = {(h, i, j, k)|0h, i, j < kn}.
For given k(1kn), as the last component there are k3 ways to choose h, i, j . Hence, |S| =∑nk=1k3. Let T denote
the set of ordered pairs of two element subsets of {0, 1, 2, . . . , n}, which may be expressed as
T = {((x1, x2), (x3, x4))|0x1 <x2n, 0x3 <x4n}.
Clearly, |T | =
(
n+1
2
)2
. Thus a bijection g: S → T may be deﬁned as
g(h, i, j, k) =
{
((h, i), (j, k)) if h< i,
((j, k), (i, h)) if h> i,
((i, k), (j, k)) if h = i.
Conversely, if ((x1, x2), (x3, x4)) ∈ T , then
g−1((x1, x2), (x3, x4)) =
{
(x1, x2, x3, x4) if x2 <x4,
(x4, x3, x1, x2) if x2 >x4,
(x1, x1, x3, x4) if x2 = x4.
Proof. The right-hand side of (2.1) counts the number of ordered pairs of two-dimensional subspaces (U, V ) each
of which corresponds to a 2 × (n + 1) matrix in reduced row echelon form. If f (W) = {x, y} = S ∈ C(n + 1, 2),
0x <yn, then M(W) has the form
(0) (x) (y) (n)[
0 · · · 0 1 ∗ ∗ 0 ∗ ∗ · · · ∗ ∗
0 · · · 0 0 0 0 1 ∗ ∗ · · · ∗ ∗
]
.
(2.2)
The number of ∗’s is n − x − 1 in row 1 plus n − y in row 2. Denote t (S) = n − x − 1 + n − y = 2n − 1 − (x + y).
Then the total number of matrices (2.2) with S = {x, y} speciﬁed as above is qt(S) = q2n−1−(x+y). Hence[
n + 1
2
]2
q
=
∑
S1,S2∈C(n+1,2)
qt (S1)+t (S2)
=
∑
(x1,x2),(x3,x4)∈C(n+1,2)
0 x1<x2  n,0 x3<x4  n
x2=x4
qt(S1)+t (S2) +
∑
(x1,x2),(x3,x4)∈C(n+1,2)
0 x1<x2  n,0 x3<x4  n
x2 =x4
q4n−2−(x1+x2+x3+x4)
=
∑
1
+
∑
2
,
where S1 = {x1, x2}, S2 = {x3, x4}.
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For
∑
1, we consider those 2-subspace ordered pairs (U, V ) such that the ﬁrst non-zero entries of the second row in
the rref matrices of M(U) and M(V ) both occur at the kth column, 1kn.
M(U) =
(k)[
0 · · · 0 1 ∗ ∗ 0 ∗ ∗ · · · ∗ ∗
0 · · · 0 0 0 0 1 ∗ ∗ · · · ∗ ∗
]
,
M(V ) =
(k)[
0 · · · 0 0 1 ∗ 0 ∗ ∗ · · · ∗ ∗
0 · · · 0 0 0 0 1 ∗ ∗ · · · ∗ ∗
]
.
It is obvious that the total number of such ordered pairs (U, V ) as above is q4(n−k)[ k1 ]2q .
Hence,
∑
1
=
n∑
k=1
∑
(x1,k),(x2,k)∈C(n+1,2)
qt (S1)+t (S2)
=
n∑
k=1
q4(n−k) (1 − q
k)2
(1 − q)2 ,
where S1 = (x1, k), S2 = (x2, k).
For
∑
2, we consider the set S′ = {(h, i, j, k) ∈ S | 0h, i, j < kn, h = i} and T ′ = {((x1, x2), (x3, x4))|0
x1 <x2n, 0x3 <x4n, x2 = x4}. Recall the bijection map g between S and T, we have g(S′) = T ′, and for
((x1, x2), (x3, x4)) ∈ T ′,
g−1((x1, x2), (x3, x4)) =
{
(x1, x2, x3, x4) if x2 <x4,
(x4, x3, x1, x2) if x2 >x4.∑
2
=
∑
((x1,x2),(x3,x4))∈T ′
q4n−2−(x1+x2+x3+x4) =
∑
(h,i,j,k)∈S′
q4n−2−(h+i+j+k)
=
∑
0h,i,j<k n
h=i
q4n−2−(h+i+j+k) =
n∑
k=1
⎡
⎢⎣
⎛
⎝ ∑
0 j<k
q−j
⎞
⎠
⎛
⎜⎝ ∑
0h,i<k
h=i
q−(h+i)
⎞
⎟⎠
⎤
⎥⎦ q4n−2−k
=
n∑
k=1
[
(1 − qk)
(1 − q)
1
qk−1
][
1
q2(k−1)
(1 − qk)2
(1 − q)2 −
1
q2(k−1)
(1 − q2k)
(1 − q2)
]
q4n−2−k
=
n∑
k=1
q4(n−k) (1 − q
k)2
(1 − q)2
[
q(1 − qk)
(1 − q) −
q(1 + qk)
(1 + q)
]
.
The proof then follows from
[
n+1
2
]2
q
=∑1 +∑2. 
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